The Microcanonical Ensemble computer simulation method (MCE) is used to evaluate the per- 
I. INTRODUCTION
Discrete potential (DP) systems have been investigated over the years in order to model properties of real substances, and offer a general and useful approach to represent properties of model systems interacting via continuous potentials [1] - [11] . The discretization process is based on the square-well (SW) fluid system, that becomes the basic input to describe more general discrete potentials and their mixtures. Examples of applications of DP systems to model real fluids have been biodiesel blends [12, 13] and two-dimensional equations of state for adsorption isotherms of noble gases [14] , asphaltenes confined in porous materials [15] , as well as carbon dioxide, hydrogen, water and methanol adsorbed onto carbon-based substrates [16] [17] [18] .
The SW pair potential for spherical particles of diameter σ separated by a distance r is given by
where ǫ is the depth-well energy and λ is the range of the attractive interaction.
This system has been studied in great detail since it is a simple but at the same time complete model in order to understand the effect of non-conformal changes in the phase diagram and the dependence of the phase stability on the range of the attractive forces [19] - [31] . At the same time, it has been a key model for assessing the role played by multipolar moments when they are explicitly taken into account in the thermodynamic modeling of DP systems [32] - [36] . Thermodynamic and structural properties of the SW system have been fully determined over the years through computer simulations , thermodynamic perturbation methods and integral equation theories [37] - [51] . The combined use of these results has allowed to obtain accurate equations of state valid for the whole range of the fluid phase diagram, and in this way the SW system has become a key ingredient on robust approaches, such as the SAFT-VR method, to model a great variety of three and two-dimensional chain and branched molecular systems [25-27, 52, 53] , including the description of lamellar phases [54] .
Besides the SAFT models, alternative approaches to model anisotropic systems have taken into account the non-spherical shape of the molecules combined with a SW interaction [55] - [60] . More recently, it has been possible to generate accurate quantum thermodynamic perturbation theories based on the SW model [61, 62] .
In spite of these advances in the characterization of the SW system, and consequently in the improvement on the accuracy of equations of state for DP fluids, there are still challenges to assume. For example, the caloric properties as given by heat capacities and adsorption heats, require a better description of higher order perturbation terms. Following the Zwanzig's high-temperature perturbation expansion (HTE) [63] , the excess Helmholtz free energy for a SW fluid can be expressed as a series on powers of the inverse thermal
where A n are the perturbation terms given by [38] A n = lim
and A E 0 is the hard-spheres (HS) Helmholtz free energy. The standard method to obtain exact values of the perturbation terms is through NVT-ensemble Monte Carlo simulations [38] , where the perturbation terms are given as statistical averages of the attractive energy and their fluctuations, obtained from HS configurations. Recently, the Microcanonical computer simulation method (MCE) [64] was proposed as an straightforward approach to simulate thermodynamic properties of the SW fluid. Since in this ensemble the inverse thermal energy β is given in terms of the internal energy, it is possible to have a direct determination of the perturbation terms A n according to the Zwanzig expansion. As we will discuss here, the MCE method can be used to accurately obtain HTE coefficients of order as higher as six, a task difficult to accomplish using the standard NVC ensemble MC method. The description of the method is given in Section II and its application to the case of the SW potential is presented in Section III, where parametric expressions for A n are given in order to generate an equation of state, that is used for the evaluation of internal energies and isochoric heat capacities. Finally, in Section IV the main conclusions of this work are given.
II. SIMULATION METHOD
We describe briefly the simulation MCE method applied to fluids, that has been presented in our previous work [64] , where the reader can found more details. This method was originally developed for the computer simulation of the Ising model using a cluster algorithm [65] that optimizes a Broad Histogram Method [66] - [69] . Since the SW fluid has a discrete set of energy values as in the Ising model, the cluster algorithm is easily transferable to the SW fluid.
We consider a system of N spherical particles of diameter σ contained in a volume V that interact via the SW pair potential given by Eq.(1). The system can be characterized by its available energy levels E ν , that are multiples of ǫ,
where r kl is the distance between the centers of the k and l particles and ν is the number of particles pair that satisfies σ < r kl ≤ λσ. The number of microstates that share the same energy E ν is denoted by Ω(E ν ). When a particle in a given microstate is displaced by ∆r, a new microstate is generated. After the displacement is applied to all N particles for each Ω(E ν ) microstates, then NΩ(E ν ) new microstates are created and just a given number of them, denoted by V νµ , will have energy E µ . By the condition of reversibility, V νµ = V µν [68] . Two different protocols of allowed moves are used, based on either reversibility or equiprobability. Thus if there is a random selection of one of the Ω(E ν ) microstates with energy E ν and a particle that is displaced by ∆r, then the probability that the system reaches the energy E µ will be given as
and for the reversal case
In the simulation these probabilities are obtained by calculating the rate of attempts T νµ to go from level ν to level µ. This can be achieved with two quantities:
• The number of times that the system spends in level ν, denoted by z ν .
• The number of times that the system attempts to go from level ν to level µ, denoted by z νµ .
The values z ν and z νµ are obtained as follows:
1. With ν as the initial state, a particle is randomly chosen and z ν is always incremented by 1.
2. Then a new energy E µ is evaluated if a random displacement is applied to the chosen particle.
3. If E µ is an allowed energy level, then z νµ is always incremented by 1, independently of the acceptation of the particle displacement. It is possible to restrict the energy levels by discarding all cases where E µ < E min or E µ > E max .
4. The particle displacement is accepted if T νµ < T µν , otherwise the displacement is chosen with a probability equal to T µν /T νµ .
The last condition assures that all levels are visited with equal probability, independently of their degeneracy. The initial values for z i and z νµ can be any positive number and after a large number of particle displacement attempts it will be observed that
and consequently
This algorithm is highly efficient for evaluating the ratios Ω(E ν )/Ω(E µ ), or the differences S ν −S µ , using the microcanonical ensemble relation S(E) = k ln [Ω(E)], because the number of times that the random number generator is required during the simulation is smaller than for NVT simulations. The efficiency increases if the number of allowed levels (E max −E min )/ǫ is decreased. The entropy can be expressed as
where β(E) = ∂S/∂E is the inverse thermal energy, and η is an integer such that E µ = E ν + ηǫ. The rest of the terms can be discarded, as long as N is large enough, and then we
The last equation allow us to evaluate the inverse thermal energy as function of the internal energy [64] ,
as well as the isochoric heat capacity c(E),
where S ′′ = ∂β/∂E. In Figure 1 we summarize the MCE method.
The very relevant feature of the MCE method to determine the HTE coefficients A n is given by the fact that when the entropy is maximum, the curves β(E) can be accurately evaluated around the values of energy that corresponds to β = 0 or equivalently to the limit T → ∞, that is precisely the limit where the HTE coefficients A n are defined, starting with the mean attractive energy,
where u * = E/Nǫ and β * = ǫβ are the reduced energy and inverse thermal energy, respectively. The higher-order perturbation terms can be obtained according to the expression 
Since the evaluation of the A n coefficients is performed under the condition of a maximum value of the entropy, or equivalently ln Ω(u * ), then a quadratic expression for β * as a function of u * is justified due to the gaussian behavior of Ω(u * ) around β * = 0.
In Figure 2 the case λ = 1.5 is presented for densities ρ * = 0.1, 0.4 and 0.7 from top to bottom. Notice that the mean attractive energy A 1 is given as u * for β = 0.
Equation (15) can be easily inverted as
and from here other thermodynamic properties can be obtained, as the isochoric heat capacity,
Combining Eqs. (14) and (16), the HTE coefficients can be evaluated as function of the fitting parameters a i The value of u * for β = 0 corresponds to the first perturbation term A 1 .
and so on.
It is useful to realize that the MCE approach offers a simple and straightforward way of extracting information of the perturbation terms by considering β as a function of u * . From equations (18a)-(18f) we can obtain alternative representations of the perturbation terms,
that corresponds to
and
From these expressions, it is clear that the fluctuation terms that are given by the SW perturbation coefficients of order ≥ 2 are basically determined by the high-temperature isochoric heat capacity, C v , and a 2 = ∂ 2 β/∂u * 2 . Although previous studies based on the Barker and Henderson perturbation theory modeled A 2 and higher-order terms as functions of the isothermal compressibility approximation [22, 24, 43] , i.e the fluctuation of the number of hard-spheres particles, the MCE method presented here indicates that it could be more appropriate to use the isochoric heat capacity.
Numerical simulations were implemented with N × 10 6 particle displacement attempts and 30 to 50 different independent runs for every set of parameters. In The HTE coefficients, up to A 6 are listed in Table I for all the SW ranges λ considered in this work. 
A. Thermodynamic of SW fluids
The MCE results for the HTE coefficients are required to generate the equation of state for the monomeric SW fluid as well as for SW chain molecules in the context of the SAFT-VR approach [25] . In this section we describe simple functional expressions to represent the MCE values, obtained by fitting appropriate analytical expressions to the simulated values of the coefficients.
For A 1 the data can be represented by a third order polynomial without an independent term
whereas A 2 can be approximated by
except for λ = 1.1, where the relation is the same that the one for A 1 . In the same way, similar expressions can be found for the higher-order coefficients,
In Figure 4 results are given for the first six perturbation terms as obtained from MCE simulations and parametrical representation. The summary of the fitting parameters are listed in Tables II-IV. 
and (27) .
equation of state for the HS reference system, i.e.,
where η = πρσ 3 /6 is the packing fraction of the fluid, then it is possible to predict the phase behavior of the SW fluid. For example, in Figure 5 we present results for the liquid-vapor equilibria obtained when perturbation terms are added sequentially. Results are compared with Gibbs-Ensemble MC simulations [21] . We can observe that the higher the order of the perturbation term included, the lower the critical point obtained. However, it seems that the behavior of the coexistence curves is very sensitive to the parametrization proposed for A 5
and A 6 , and that using the equation of state up to fourth order gives the best representation of the shape of this curve. Since the proper modeling of the coexistence zone near the critical region requires to include more robust approaches based on the renormalization method, as discussed previously for the SAFT-VR method [70, 71] , we can expect that the MCE-SW thermodynamic modeling could also be combined with those approaches in order to give a more accurate prediction of the critical properties of SW fluids. The convergence rate of the MCE perturbation terms can also been determined through the isochoric heat capacity, as shown in Figure 6 for a SW fluid with range λ = 1.5 and reduced temperature T * = 1.5. When compared with the MCE simulated values for the non-perturbed system [64] , the corresponding approximation obtained through the MCE perturbation terms indicates that the expansion up to sixth order gives an accurate prediction of the non-perturbed value. In the same figure we report the predictions obtained from
Eqs. (25)- (27) , that clearly are very accurate. The MCE is a promising approach that could help to have a better understanding of the role of higher-order perturbation terms in equations of state used to study the phase diagram of molecular fluids, following the same lines of research presented by Westen and
Gross [72] recently developed for the HTE modeling of continuos-potential systems such as the Lennard-Jones fluid.
